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Starting from the original Mulliken study on population analysis, it is shown how
these initial ideas not only are expressible as expectation values of a projector, but also
how they can be extended and generalized into the domain of non-singular Hermitian
operators using the same technique. Some examples of this possibility are given. The
formalism is studied in deep, proving that the Mulliken populations are a zero-th order
approach to the description of condensed density functions and their connection with
quantum similarity measures is analyzed. Employing positive definite operators as nat-
ural weights to compute atomic condensed density terms, lead to produce elements of
vector semispaces. Such vectors can be subject to Minkowski normalization becoming
discrete probability distributions, which can be gathered using several weight operators
into stochastic arrays as molecular fingerprint descriptors.
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1. Preface

Since Mulliken published his work about population analysis [1], a large
amount of studies has been put forward in the literature [2]. Recently, a step-
wise comprehensive review of this essential subject, in order to enlarge the
understanding of chemistry and chemical processes, has been underwent by
Bultinck and Carbd-Dorca in a set of two studies tending to demonstrate how
atomic charges, diatomic bond orders and polyatomic bond indices can be
constructed within the quantum mechanical framework [3]. These authors had
recently shown that, within the MO theoretical structure Mulliken populations
can be deduced under the quantum mechanical usual rules, associated to density
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552 R. Carbo-Dorcal Descriptors and probability distributions in MO theory

functions of arbitrary order, as expectation values of Hermitian operators which,
in turn, can be built up by means of tensor products of projectors over the
atomic basis functions [4]. The final result can be seen as the possibility to
refer to a unique quantum mechanically based procedure for the computation
of bond indices, attached to a polyatomic set possessing a given molecular struc-
ture. Thus, from now on, derivation of Mulliken atomic charges can be attached
to first order projected-condensed density function, bond orders to second order
projected-condensed density, and so on ... up to any order bond index.

However, the development of these previous ideas is based in several sim-
ple but basic definitions, which together with the quantum mechanical expecta-
tion value fundamental statistical scheme can lead to a real generalization of the
population analysis framework. That is, such a generalized formalism can direct
not only to a correct quantum mechanical definition of molecular atomic charges
and bond indices, as expectation values of a Hermitian operator, attached to
some system observable, but to the definition of other molecular expectation val-
ues decomposition in atomic, diatomic. .. polyatomic contributions.

According to this, the aim of this study is to put forward the initial defini-
tions for the understanding of the possible ways of this generalization, which will
be proposed in a manner as broad as possible, connecting the theoretical back-
ground with other descriptive tools, like quantum similarity. Thus, after some
initial definitions this work will describe the structure and properties of the clas-
sical Mulliken matrices as a first step to define the condensed atomic densities as
expectation values of well defined projectors. This preparatory material permits
to define a generalized kind of Mulliken matrices and thus of condensed densi-
ties, weighted by positive definite operators. Next, several choices of such weight-
ing operators are discussed and a section is devoted afterwards to the effect on
condensed densities of unitary and other transformations of the MO. A discus-
sion of the zero-th order nature of the classical Mulliken condensed densities will
be put forward and a connection of the generalized Mulliken condensed densi-
ties with quantum similarity measures will be given. A section providing approx-
imate implementation of the condensed densities in the general framework is
given and finally two sections dealing respectively with the off-diagonal elements
of the density function, demonstrating this is a source of irrelevant information
for condensed densities, and a discussion of the role of the shape function as
source of atomic charges close this work. Two appendixes provide complemen-
tary details about classical Mulliken projectors and permanents.

2. Initial definitions

In a first place the necessary definitions, well known by the community of
theoretical chemists, but with possible quite diverse formalism choices, will be pre-
sented in order to set up the notation, which will be employed with the aim to ease
the understanding of the mathematical arguments contained within this study.
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2.1. Classical Mulliken matrix

The elements of the initial definitions correspond essentially to the compo-
nents of an array structure, which will be named from now on classical Mulliken
matrix (CMM) according to the definition:

M = DS. (1

The definitions that follow are usually attached to the LCAO MO schemes

[5], and thus to the usual Hartree-Fock results [6,7], but can be employed

equally well to Kohn—Sham MO sets [8], although taking into account some pos-
sible limitations, associated to the MO vectors in DFT [9].

Being also necessary that both elements of the CMM composition become

unambiguously defined and the notation which will be used thereafter described,
there follow some auxiliary definitions:

2.1.1. Overlap or metric matrix

S={SW=<MIv>=/Dx[§(r)xu(r)dr}- )

With the symbols of the monoelectronic basis set functions defined as:

()} ={x ®} = (X1 = (X1 x20 - X o) 5
where r stands for the coordinates of the attached electron.
Moreover, being the overlap matrix a metric matrix it has to be supposed

to be positive definite, then there exists a non-singular upper triangular matrix,
permitting the Cholesky decomposition [10-12]:

S=T'T,
so the inverse of the overlap matrix can be easily computed as:
sl=1I17
2.1.1.1. Alternative overlap matrix. The previous Cholesky decomposition per-
mits to construct an alternative positive definite matrix by means of the following

manipulation:

Z=Tr" >z '=1TT!, (3)



554 R. Carbo-Dorcal Descriptors and probability distributions in MO theory

which has the same eigenvalues as the original overlap:

U - U'u=uU" =1:
SU=Ux —» T/TU = Ux
— TT'TU = TUE - ZV = VX
s> Viv=U'TITU=U"SU =%
-V, = Vz—% —~ZV, =V,Z
- Viv=vvl =1

In fact, the Cholesky decomposition of both matrices implies:

T
S B Sap= ZT;A)T)L,B = Z T Tp

Ao

T
IV ZT AT( "= T T
A>p

which proves that the elements of the matrix Z still possess preserved the AO
locations in the same order than the overlap matrix. Both matrices also possess
the same trace as shows the following equality sequences:

TriSI= Sua =D D T Tra= D D |Tral> = (T+T)
o a A

o A<o

THZ =S Zaw =3 S 1T D =3 S 1Tl = (T+T),
o o A

o Ao

according to the previous result concerning the equality of the spectra of both
arrays. By the symbol (A % A) it is meant the Euclidian norm of the involved
array, for instance if A = {a;;} is a matrix, then:

(A % A) ZZ‘LIU‘

Two symbols in this case have been put forward, first the inward matrix
product and the complete sum of an array [13]. A short description follows.
By an inward matrix product of two arrays possessing the same dimension it is
understood another array with the same dimension whose elements are products
of the array elements in the same position, for example, when two matrices A, B,
say, of dimension (m x n) are inwardly multiplied, a new matrix P of the same
dimension is created:

P=A*B—>Vi,j:pij=aijb,'j.
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By the complete sum of an array it is understood the sum of all the ele-
ments of such an array, for example it could be written for the previous inward
product matrix:

(P)y=>">" pij.
i

The complete sum of an array, whenever is different of zero, can be used as
a scale factor to normalize in the Minkowski sense the array, for instance:

iff (P)#£0:PV = P)~IP_ <P<‘>> —1.

2.1.2. LCAO MO charge and bond order matrix
The following array will be named charge and bond order (CBO) matrix™:

D:Zwicic;—_)D: IDMV :Zwicmcfji] (4)
i i

with {w;} being the MO occupation numbers fulfilling:
z w; =N, (5)
i

being N in turn the total number of electrons in the system studied, also:
C = {c¢i} = {cui} note the LCAO MO column vector coefficients; that is, if
{g; (r) = |i)} corresponds to the monoelectronic functions forming the MO set,
then:

0 =D cuixu = i) =D cuiln) = li) = (X]¢i, (6)
n %

where the electron coordinates have been dropped to ease notation.

2.1.2.1. General form of CBO matrix. The CBO matrix can be also written in a
general manner by using a symmetrical occupation number matrix: W = {w,- j},
as:

D = CWC’. (7

) Such an array is also called in the literature a Density Matrix, but this produces some confusion
with the same description given to the matrix, whose elements are the density functions. In order to
avoid confusing terms, here has been chosen the use of this longer description in acronym form.
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However, if the full occupation number matrix is symmetrical there exists
an orthogonal matrix: U — UTU = UU” =1, which diagonalize it:

U’WU = Q = Diag (w;) > W = UQUT, )
substituting expression (8) into the general expression (7) transforms the MO

coordinates while producing an expression for the CBO matrix with a diagonal
occupation number matrix, equivalent to expression (4):

D = cuQu’c’,
using the MO coordinates transformation:
Cy =CU,
then the CBO matrix will remain invariant:
D = CyQC},.

Due to this property, from now on it will be considered in this paper that
the CBO matrices will always possess the diagonal occupation number form (4).
This is the usual transformation structure when any localization procedure is
envisaged to be performed into the MO [14].
2.1.3. MO coefficients orthonormalization

The set of the MO coefficients, which can be ordered as columns in a

square (n x n) matrix: C = (¢, €2, ..., ¢,) are considered to be orthonormalized
in the sense:

Vi, j:¢fSe; =8; - C'SC =1 9)
2.1.4. First order density function

The CBO matrix (4) can be used to construct the first order density func-
tion, as follows:

p<r>=2wili il=Zwi¢i<r)¢;‘<r>
—ZZDWIM (vl = ZZDwxumxvm (10)

where, into the expression (10) above, several equivalent formulae of the density
function have been written. The first order density function (10), when integrated
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over the appropriate domain will provideN, the number of electrons in the asso-
ciated molecular system:

(p () = /D p (r)dr = ZZDMU/D X (1) X;k (r)dr = E z DyuvSpn
woov 4
- ZZ(Z CUiCmC:';,-)SMV = E a)iclf"Sci = E w; = N.
woov i l_ :

Due to this property, the first order density can be normalized, producing the so
called shape function [15]:

o) =N"lpm — (o) = L.

The relationship of both functions and their algebraic properties, connected
with the unit shell in vector semispaces have been recently studied [16]. There-
fore, to construct a shape function becomes equivalent to scale the CBO matrix
by a scalar factor equal to the inverse of the number of electrons, and this cor-
responds to scale by the same factor the occupation numbers.

2.1.5. Idempotency of the CMM
The CMM (1) becomes an idempotent matrix [17], under the MO orthon-
ormalization, as:

M? = (DS)* =DSDS = > > wiwjci (¢ Se;j) ¢fS
= Zzaijwichicjsl:jzwicicfs =DS=M, (I
i i
alternatively, the followirig proof of the CMM idempotency can be also used:
[(Ds)z]aﬂ _ ZA: ; Z Dy Sy Dy Sup

=2 i >0 ; ; ; Cai (Cui Suacaj) €vj Sup
i

= Zwi iwj ;; ;Cui(sijcvjswfi

— lzw,- icajCViSp[j = z Dy Sup = [DS]y -
i v v

The idempotent property of the CMM is extensible to any power of the
CMM, or it is the same to say that the following equality also holds:

Vp>0:M? =M,
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a result which, starting with the previous one in equation (11), can be easily
proved by recurrence.

2.1.6. Eigenvalues and eigenvectors of a CMM
The secular equation of any CMM,

MX = XA,

where in the columns of the matrix X are the ordered eigenvectors of the CMM,
while in the elements of the diagonal matrix A, have to be found the eigenvalues
in the same order. The solution can be described in the following way, using pre-
vious results concerning the CBO and overlap matrices:

M = DS = CQC’S
— DSC = CQCTSC = CQ
> X=CAA=Q.

An alternative form of the secular equation of the CMM can be found in
the following manner:

vJ: DSC_] = Za)]CICITSCj = Zw1c18” = wyCy.
1 1

Thus the right eigenvectors of a CMM are the MO coordinates and the
associated eigenvalues the occupation numbers.

2.1.7. Alternative CMM

Then, it can be interesting to analyze which results will provide the matrix
Z. defined in equation (3), when used in the CMM definition instead of the over-
lap matrix S.

Mz = DZ.

Contrarily to the usual CMM, the matrix My is no longer idempotent,
nor has the same properties in its secular equation. However, such a possibility
precludes the development of the section 4 below and constitutes the first step
towards a general formalism of Mulliken matrices.

3. CMM and atomic condensed densities: charges and bond orders

The CMM is customarily employed to obtain atomic charges and bond
orders in the molecular LCAO MO framework. In the context of the previous
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definitions and using equations (5) and (9) it can be easily found the following
property of the CMM trace:

Tr |M| = ZZDAMSIM = Za)ic;rSci = Za)i =N. (12)
A M i i

3.1. Atomic charges

Also, it is well known that a gross atomic population [1], briefly, the charge
or condensed density Q4 on atom A, was defined by Mulliken by means of:

QA = ZMaa = ZZDauSua- (13)

aeA a€EA K

Atomic charges are also associated to the obvious property:

D> 04=DD Myy=Tr M| =N. (14)
A

A a€eA
The set of Mulliken populations or the condensed atomic counterpart can
be normalized in the same sense as the density matrix and the shape function
are related. It is just needed to scale the CMM by the number of particles:
MD = N~Im,
then,
Tr ‘M(l)‘ =1,

a result implying that the scaled atomic charges and the diagonal elements of the
CMM constitute a pair of convex sets [18]:

S0P =>>ul= Tr‘M(l)) = 1.
A

A waeA

That is, defining a convexity symbol as:
K ({xo}) = [Va :xqg €RT /\Zxa = 1} ,
o

then one can write:

K ((o]) nr (Pz)).
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3.2.  Ordering atomic charges as a semispace unit shell vector

The Mulliken gross atomic populations for a given molecular structure can
be associated to a condensed form of the first order density function as it has
been commented, however, after ordering the atomic charge values into a column
vector:

Qu) ={QalVA e M} eV, (RT), (15)

one can consider that such vectors are members of some vector semispace [18,
19] V,, (R*)of the same dimension, v, as many atomic centres possess the asso-
ciated molecule. It is obvious that the complete sum of the molecular charge vec-
tor is the number of electrons N in the molecule, which is moreover coincident
with its Minkowski norm [19]:

(1Q) =N —1Q) e S(N) CV, (RT),

therefore, the charge vector belongs to the N shell of the vector semispace and
the normalized vector:

) =N""1Q) — (lq)) =1 |q) € S(1) € V, (R), (16)

corresponds to an element of the unit shell of the same vector semispace, so
it can be associated to the condensation of the shape function. The normal-
ized charge vector can be taken as a discrete descriptor of the corresponding
molecule. Section 11 below will study again the possibility of constructing a
probability distribution from atomic populations at the light of the following
development of generalized Mulliken matrices.

3.3. Bond orders

According to well-known and old quantum chemical descriptions [1], the
bond order P4p between atoms A and B it is obtained as:

Pap = Z > (Map + Mg). (17)
aeA peB

These definitions are related to the possible partition of the CMM into sub-
matrices involving atomic pairs:

:{M,J}—>M”={M;gmeMﬁeJ}. (18)
With this partition in mind, equation (13) can be rewritten as:

Qa =TrMal = D M4, (19)

a€EA
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and equation (17) may be expressed more explicitly as:

Pap = Z > (MAB ) (20)

oceA peB

3.4. Charges and bond orders as expectation values

It has been recently shown that the Mulliken definitions can be obtained
throughout using appropriate Hermitian operators, acting over the first and sec-
ond order density functions respectively [3]. Also, bond orders involving a higher
number of atoms can be deduced in the same way, however in this case the
corresponding operators shall be applied to the pure exchange terms attached
to higher order density functions [4]. These Hermitian operators which shall be
employed over the adequate density function, are made in such a way that, in
any case, both atomic charge (13), using one electron operators: {IT4 (r{)}, and
bond order (17), using a two electron operator set: {IT4p (rq;r2)}, items can be
produced as their expectation values.

For example, for atomic charges one has:

0s = (Maleh = [ Ma [ @]ar, e
D

with a similar expression for the bond orders, such a procedure constitutes in
this manner a concept which can be easily extended up to any number of atoms
producing polyatomic bond orders [4].

In particular, the operator, which permits to obtain atomic charges as
expectation values, is defined by means of the projector [3], see also Appendix

1 for more details:
Ma=> Ty=> > Sl (Bl (22)

oA acA B

where S7! = {S( 1)} is the inverse of the overlap matrix defined as in equation

(2). Ahlrichs have put a similar idea forward in order to compute efficiently two-
electron integrals [20], also Pipek and Mezey [14d] used them as a basic opera-
tors for delocalization procedures.

Mulliken projectors for the computation of diatomic and multiple atom
bond orders can be made by tensor products of projectors of type (22), applied
over the pure exchange part of the appropriate higher order density functions [4].

Such a property, like the one shown in expressions (12) and (14), amounts
the same as to take into account that the property (12) corresponds to obtain
the expectation value of the unit operator, I, as:

(I) =(I[p]) =(p) =N (23)
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and equation (23) implies and, at the same time, it is implied by equation (14),
being the projectors (22) nothing else than parts of the resolution of the identity.
4. Generalized Mulliken matrices

To start the procedure in order to show the nature of Mulliken charges and
bond orders, as well as, to generalize such a pair of conceptual parameters, in
this section some considerations about Mulliken matrices will be first put for-
ward.

4.1. Weighted Mulliken matrices

By a weighted Mulliken matrix (WMM) it will be understood hereafter the
matrix defined in the same way as shown in the CMM definition in equation (1):

M[6] = DZ, (24)

but using, instead of the overlap matrix, the matrix representation of a positive-
definite monoelectronic operator® (r) > 0, that is:

7= {ZW = (ulO) = /Dxfi (r) © (r) x» (r) dr} : (25)

In fact this matrix construction can involve any non-singular operator:R, by
using the fact that a positive definite operator can be easily deduced by the mul-
tiplication:

©® =R'R=|R;

within this particular construction, the matrix elements (25) can be written as a
generalized overlap:

Zuw = (ul IR |v) = /D (R [x ®]) (R xo 0] dr.

In this way, the expectation value of the operator ® could be easily defined
as:

(©) =(O[p]) =Tr M[O]| > 0. (26)



R. Carbo-Dorcal Descriptors and probability distributions in MO theory 563
4.2. Weighted atomic charges

Thus, the weighted atomic charges for a given molecular structure can be

defined now as:
QA [®] = Z Myy = Z Z Dauzum (27)

aeA a€EA KU

with a straightforwardly deducible expression for the weighted bond orders of
any order.
The sum of weighted atomic charges will provide:

D> 0a[0]=D "D Mee =Tr M[B]| = (6),
A

A a€eA

which is coincident thus with a Minkowski norm and therefore a vector of type
(15) can be constructed, in the same way as the Minkowski normalized vector
(16), with the difference that the normalization factor will be this time:(®)~!. In
this general case to every operator there can be attached a vector belonging to
the vector semispace shell S ((®)), or after Minkowski normalization to the unit
shell.

4.3. Weighted Mulliken charges as expectation values of a projector

In this manner, an extension of the Mulliken ideas has been set up; produc-
ing weighted atomic convex charge distributions and bond orders, which can be
attached to the expectation values of some projection operator.

Indeed, if instead of using the projector (22) the following generalized Mul-
liken operator is employed:

MalO] =D Ma[O]= D > Z5 (Ola)(B1©), (28)

acA acA B

then it is easy to show that:

04[0] = (14 [B][p]) (29)

and the weighted atomic charges become in this manner expectation values of an
Hermitian operator possessing the form (28).

That the projection operators as defined in expression (28) are Hermitian
can be easily shown. It is sufficient to show that the matrix expressions of the
operators (28) become Hermitian.

Thus, it is just necessary to show that the following equality holds for an
arbitrary pair of basis functions,{x,; xv}:

(ul T4 [O][v) = (| T4 [O] 1) . (30)
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To prove this, it is adequate to pursue the following argument, where the
definition (28) can be explicitly employed, along with the fact that the matrix

representation of positive definite operators is Hermitian; so one can write the
following sequence of equalities:

(el T4 (6] [v) = /D X5 () T4 6], (1) dr

=33 [ xiwzg @l p10) 5 mdr

acA B
= ZZZa,J/ X (1) (O ]a) (8] ©) x» (1) dr
acA B D
=>">" 7} (wl©la) (1O v)
acA B
=3 > 7 ZpaZpy =D Zuadar = 8(v € A) Zyy.
acA ﬂ acA

This result could be already sufficient to demonstrate the Hermitian nature
of the projector as defined in equation (28), because the matrix representation
of the positive definite Hermitian weighting operator ® is necessarily Hermitian.
However, in order to complete the proof, then, it can be also written a similar
set of equalities for the right hand part of equation (30):

(v] LA [O] |))* = /D X () (T4 [O)* xy (1) dr

=33 (24) [ 5w ©18) @) 10 ey

aeA B

= > Zzy (ulO1B) (@] © 1)
acA B

=22 ZpaZupZav = D Zarda
aeA B aeA

=(neA)Z,y=8(neA)Zy,.

Therefore, the elements of the matrix representation of the operator IT4 [®]
correspond to the same matrix elements in both cases. The matrix elements of
the operator are furthermore coincident with the matrix representation of the
positive definite weighting operator, so the equalities (30) are fulfilled for every
pair of basis functions.

This property is important also for the CMM definition of the projectors,
as defined in equation (22), because they are but a particular case of the opera-
tor (28) construction, where: ® = 1.
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A final noteworthy point shall be taken into account. While the unit oper-
ator is not observable, as far as the quantum mechanical lore admits, the new
weighted projectors are easily attached to quantum mechanical observables, then
the atomic charges and bond orders issued from the WMM can be considered
additive partitions of any observable definition. Consequently, in this sense, such
weighted molecular parameters may contain more quantum mechanical meaning
than the CMM derived ones. In fact, the generalized Mulliken weighted atomic
charges, can be considered the atomic contributions within a given molecule to
the expectation value of the associated weight operator. An expectation value
can thus be considered as a superposition of atomic elements, which in turn can
be made by orbital superpositions. These atomic partitions, when normalized in
the Minkowski sense, can be easily compared to any of the alternative distribu-
tions one can define in a molecule by choosing different weight operators. In the
same manner, a molecule can be described by a set of these weighted distribu-
tions. Such a possibility will be later on discussed.

4.4. WMM and generalized Mulliken indices

As the basis set functions are centred commonly on atomic sites within a
molecule, then one can condense the WMM elements into such atomic centres,
producing an array, which can be called a condensed atomic WMM:

A= APQ=ZZMaﬂ

aeP BeQ

In this way the Mulliken atomic charge on atom P can be retrieved from
the diagonal elements of matrix A:

Q) ={Qp = App} = Diag (Qp),

and the atomic Mulliken bond orders can be retrieved from the products, form-
ing, along with atomic charges, an atomic Mulliken charge and bond order
matrix:

R={Rpgp =ApgAgp ARpp = 0Qp}.

In order to start defining generalized atomic Mulliken bond orders, it is
interesting to construct a new matrix set from A, by constructing submatrices of
A, of dimension (n x n) involving n atoms out of N, the total number of atoms
in the studied molecule:

A" (@) = {Ap g (k=1,n)}, (31)
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in this definition the matrices A (a) will depend on the atomic indices collected
into the n-dimensional vector a. Then the generalized Mulliken bond order index
involving n atoms can be defined as the circulant of the matrices of type (31), as
defined in the Appendix 2, where only cyclic permutations are admitted in the
implicit nested summation symbol:

M®™ (a) = Cir (A(”) (a)) .

Such a definition corresponds to the computational part of an already
described theoretical procedure [4], involving projection, see Appendix 1 for
more details, of any arbitrary order density matrix over the atomic centred basis
functions, proceeding afterwards to a further condensation of the projected den-
sity into generalized Mulliken multiple bond indices.

As a consequence of this projection-condensation over a circulant origin,
the generalized atomic Mulliken indices possess a well-defined invariant property.
Denoting by P (a) any permutation of the atomic indices contained in the set a,
it is obvious that the cyclic permutations are the only ones entering the gener-
alized Mulliken index; an invariant computational structure is obtained in this
way:

M™ (@) = M™ (P (a)).

5. Several remarks about the nature of weighting operators entering WMM
definition

From now on it will be used the term atomic condensed charges, bond
orders, polyatomic bond orders... as to connect WMM deduced parameters
with the original CMM definitions. However, the significance of this entire fam-
ily of new WMM, in fact as many possible as positive definite operators can
be described, perhaps cannot be entirely connected with the original charge and
bond order definitions simply issued from CMM. The reason is simple: CMM
is related to WMM when the chosen weight operator is the unit one, as already
discussed. One cannot expect that the weighted atomic charges, when obtained
from other positive definite operators than the unit one, behave in the same man-
ner or have the same trends as the classical Mulliken ones. They will be called in
this way as they conveniently renormalized can become a collection of numbers
attached to every molecular atom which sum up to the number of electrons in
a molecule when properly renormalized, but in the same manner, effortlessly can
sum up to one when Minkowski normalized. In this later case the signification
of these atomic parameters will be the one of a discrete probability distribution,
sharing the whole expectation value atomic contributions of the attached posi-
tive definite operator. The set of all the weighted atomic charges, when belong-
ing to the unit shell and collected into an array will become a stochastic column
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or row matrix depending on which form of ordering is employed. In this section
follows a sample of the enormous quantity of possible operator choices, of which
the idea of WMM can be based.

5.1. Convex combinations of positive definite operators

It is well know that a convex combination of positive definite operators is
positive definite and the same apply to their matrix representations. To remind
this property to the reader, just consider a set of matrix representations {Z;} all
of them positive definite, then it holds for each member of the matrix set:

VIAVX #0:0; =x"Z;x e RT,
then using a convex set of scalars {A;} such that:

VI:A16R+AZA1=1,
1

the new matrix
Z= ML > Vx#0:x"Zx=> 1xTZ;x=> 10, eR". (32
1 1 1

Thus composite superpositions of weighting positive definite operators can
be used in the definition of WMM.

It should be noted that, in fact, this kind of operator combinations can be
also done by choosing a set of positive definite scalars, not necessarily summing
1. Property (32) will hold the same.

5.2, Electrostatic molecular potential as weighting operator

Among all positive definite operators one can select to construct a WMM,
there is the choice of the electronic part of the electrostatic molecular potential
(EMP), with the sign changed as to become positive definite. In this case, due to
the nature of the EMP operator it can be written:

VR = [ por-Rar= [ - RTpmar= (-7 ()
D D
then, nothing opposes to define a WMM in this context as:

MV (R)) =DV (R),

where the nature of the EMP matrix representation is:

VR) = |V,w (R) = /D X ®r—RI™ x, @ dr] .
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The interesting thing to be noted now is such that within this characteris-
tic WMM made from EMP, the corresponding weighted Mulliken charges and
bond orders are dependent of the three-dimensional space point considered. This
can provide the potential users of WMM with interesting points of view, as the
atomic centres can be used in turn as vantage points, defining several charge dis-
tributions, every one associated to an atomic centre.

In case this spatial dependence is not needed, it can be arbitrarily chosen
the centre of nuclear charges as a reference:

R—>C=N"'>"ZR,.
I
As an alternative space independent possible solution, then just the expres-

sion (33) can be considered as an operator and the WMM can be defined now
as:

M (V) = DV;

but the matrix associated to the integrals has to be computed now as:

V= {Vuv :/DX; R) V (R) x» (R)dR}.

Such a matrix above will produce a total expectation value equal to the
Coulomb electronic repulsion.

5.3. Coulomb and exchange operators

The sets of Coulomb {J;} and exchange {K;} operators over the MO set, as
well as weighted sums of them, can be used too for the purposes of constructing
WMM families. In such case, it can be quite interesting to choose among all the
MO set, the ones associated to the operators corresponding to frontier orbitals,
as they will provide with alternative, albeit complementary, charges to the Fukui
definitions. For example,

M (J;) = DJ;
with the obvious description:

Ji = {Ji;;w = /v Xy () Ji (1) xv (1) dr = (iillw)}.

A similar positive definite representation can be described for exchange
operators as it can be written:

Ki = IKi;/w :/VX; (r) K; (r) xv (r)dr = (i,u“v)] .
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5.4. Kinetic energy density operator

Kinetic energy atomic charges and bond orders can become most interest-
ing to understand or to complement the nature of the chemical bond notion.
When using kinetic energy WMM, the operator matrix representation can be
considered as an overlap between the gradient of the two involved basis func-
tions, so results may be expected very similar to CMM, but coming from a com-
pletely different source.

5.5. Two-electron and many-electron operators

Two-electron or many-electronic operators can be used too, provided that
they are previously reduced to one electron structures, like in the cases discussed
in sections 5.2. and 5.3. above.

5.6. Density function as a positive definite operator

A possible positive definite operator choice may consist into the density
function itself. The use of the density function viewed as a positive definite oper-
ator opens the way to connect charges and bond orders with the structure of
quantum similarity formalism [21].

Indeed, when the density function becomes an operator itself, one can ana-
lyze the so-called overlap self-similarity measure as the source of the density
function matrix representation for the purpose of constructing the WMM. Over-
lap self-similarity can be described by means of the two-electron Dirac delta
function:

010 = (plol) = / / p (E1)5 (1 — 12) p (r2) drydry = /D o ®Pdr.  (34)

which can be also written as:

(p1p)=>D D {ZZW:MDAU};
moov A

o

so, defining the matrix representation:

7 = [Z;w :ZZ<MV:)\G> Dka}
A O

with the four centre overlap integral defined as:

(v s Ao} = /D X 0 @) x5 () %o () dr.
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Instead of the Dirac two-electron delta function, as it is well known in
quantum similarity that gives rise to integrals of type (34), other positive definite
operators can be used, like the Coulomb operator [22]. Then the self-similarity
becomes the Coulomb energy of the studied system and the formalism will be
related to the Coulomb operators already discussed in sections 5.2. and 5.3.

Another density function can be also employed as the operator entering the
similarity measure, but in order to keep this discussion as simple as possible it
will not be further deepened, thus entering in this way within other branching
schemes, which surely can be further developed.

5.7. Spherical Gaussian functions as positive definite operators

5.7.1. Spherical Gaussian operators

A similar operator to the EMP one, as discussed in section 5.2, can be
described as a Gauss distribution centred at an arbitrary point in 3D space, that
is: a spherical Gaussian operator (SGO), defined by the function

Yy (0:R) = exp (—9 Ir — R|2) : (35)

where the exponent 6 is an arbitrary parameter; the operator is presented
unnormalized in the present description for the sake of simplification, but can
be considered normalized too, adding the normalization constant as a constant
multiplicative factor. The positive definite operator matrix representation to be
used in WMM will then be:

Z(©,R) = [Z,w (G,R)=/Dx[§ @™y ©,R) xv (r)dr}-

It can be seen that the matrix entering WMM will depend of the position
in space were the SGO is located. In this case a set of privileged points in 3D
space appears to be the one constituted by the atomic centres: {A;}. A similar
situation has been encountered when analyzing the EMP in section 5.2.

5.7.2. Elliptical Gaussian operators

The exponent parameter 6 has been chosen previously in equation (35) as
a scalar, but the expression (35) can be more generally defined as a three param-
eter operator, yielding in this way an elliptical Gaussian operator (EGO), if nec-
essary:

Y (©:;R) = exp (— r-RTOr- R)) A© = Diag (0,:6y:6.) . (36)

Whenever the more general EGO in the form (36), is chosen as a unique param-
eter operator, as in equation (35), it seems that a choice like: 6 = f (Zl_l)will be

interesting for such a SGO, when the operator is also chosen centred at atomic centre
R=A;.
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5.7.3. SGO condensed atomic density parameters
WMM charges and bond orders will become a distribution in this way as,
for instance:

Qu (0. R) =" DyuyZyu, (0. R).

However, when considering SGO definition (35) as a two-electron operator,
then it can be also obtained:

an =(Qur) = /D 0. (60, R)dR =" Dy, /D Zyy (0, R) p (R)dR
=2 D / / % @ exp (61 = RP) x, (10p (R) drdR.
y DJD

The results for a given molecule shall be renormalized as to ensure the
proper sum equivalent to the total number of electrons or the unity, as in any
other case already discussed in the introduction of this paragraph, when consid-
ering a positive definite operator choice.

This operator description can be associated to a simplified formalism,
attached to the one previously described in section 5.6. above.

5.7.4. Convex combinations of SGO
Moreover, nothing opposes to define as an operator a convex combination
of SGO’s, centred at particular sites, like:

I'=>" i1y 61, AD.
1

Moreover, any SGO can be taken as an unbounded delimiter of the atomic
sites, a situation perhaps more adequate to the quantum mechanical features of
LCAO MO theory, than other well-defined finite boundaries found in the litera-
ture [23].

5.7.5. Products of SGO

Also, products of two or many SGO’s, centred at two or more centres can
be used, for instance, to describe bond order boundaries, that is:

['(A,B)=y (6a,A)y 5. B).

Quite a large set of applications and variants of SGO may be searched for
in the future.
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6. How WMM transforms with unitary and other possible transformations

The most important result to be shown now in this context is the fact that
in WMM, keeping in mind that this includes also CMM, the operator posi-
tive definite matrix representation shall not be further manipulated. For exam-
ple: using powers of it. Such matrix transformations produce the impossibility to
attach the transformed function charge or bond order partition to atomic centres
and thus lacking of one of the fundamental properties of Mulliken matrices. The
following simple and well-known arguments prove this feature.

6.1. Unitary transformations

The operator positive definite matrix representation employed at any WMM
level has the advantage to be non-singular in any case, but also Hermitian and
thus diagonalizable by means of a unitary transformation, that is:

JU-UTU=UU"=1:U"ZU=0 A0
= Diag (01,05, ...6;,..) AVk: 0 € R,

In this way one can write:
M =DUOU' - UT™MU = UTDU® — My = Dy 0. (37)

This last result proves that a diagonal positive definite matrix representation
can be used, provided that the charge and bond order matrix is transformed ade-
quately. The original WMM and the transformed one are easily related by the
unitary transformation:

M = UMyU" &« UTMU = M.

Moreover, equation (37) permits to define several transforms, producing
a WMM, which will be equivalent to the transformed charge and bond order
matrix:Dy = UTDU. That is:

My =Dy® —» O "My®' ™7 = @ PDyO*?. (38)

6.2. Lowdin transformation

For example taking: p= + %, the resulting WMM transform becomes the
weighted Lowdin matrix (WLM):

1 P S |
M, =0 2IMy®*2 =0 2Dy0"2 =D,, (39)

so the WLM and the charge and bond order matrix in the Lowdin orthonor-
malized basis set are coincident. Transformations of this kind are also equivalent
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to transform the basis set functions. However, transforms of type (37) or (38),
destroy the attachment of the transformed basis set to the original LCAO MO
atomic centres.

To grasp this last remark it is just necessary to consider formally the con-
struction of the operator matrix representation, as Lowdin was usually employ-
ing, to obtain an orthonormalized basis set:

1 1
cCrQC=7— (®‘§U+) crQc (U@—z) =1,
where the function basis set is collected into a row vector:

(X1 = (s x20 - X o) -

The Lowdin basis set functions can then be written as:
1
(ol = (X] (U@‘f) ,
so it can be also written:

1
[Ai) = ZXMUWH;' 2.
m

The subindex of the Lowdin basis set function has been chosen as i-th to
stress its difference with the original basis set functions. The ordering of the resul-
tant Lowdin functions is arbitrary, as it depends of the order of the columns
of the transformation matrix and this order depends, in turn, on the ordering
chosen for the matrix representation eigenvalue spectrum of the operator. Thus,
no condensation into atomic centres is possible to be applied for transformed
WMM like (38) or (39). To see this more detailed, one can say that the index-
ing of Lowdin orbitals depends on the indexing of the spectrum of the overlap
matrix, so the i-th Lowdin basis function is attached to the i-th overlap eigen-
value, and overlap eigenvalues are not attached at all in general to any initial
AO ordering.

6.3. Cholesky transformation

Moreover, other transformations can be envisaged. Taking into account the
positive definiteness of the operators accepted as weights and the same property
for their matrix representations Z, there is also possibility to perform a well-
known Cholesky decomposition, as it has been commented when discussing the
overlap matrix properties. There always exists an upper triangular, non-singular,
matrix T, which:

Z=TT'T.
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Thus, one can write:
M =DZ — TMT ! = TDTt — M; = D7.

This is a result similar to the previous Lowdin transformation, because
Cholesky decomposition is equivalent to a Gram-Schmidt orthonormalization
process over the basis functions [10-12]. In the same way the transformed ort-
honormalized function set is not attachable to any atomic centre, but is delocal-
ized over the entire molecular atomic sites as in Lowdin transformation.

However, a partial unitary or Cholesky transformation involving just the
functions located at every atomic centre, leading to orthonormalized functions
belonging to each centre, but not to atoms at other centres in a given molecule,
can be employed without destroying the attachment of the functions belonging
to a given atom. Then, in this case the transformation matrix is block-diagonal,
but this feature has not a greater interest other than to be mentioned for the
sake of completeness. It will produce an effect similar to using as basis set an
orthogonal AO’s set centred on each atom.

A final remark shall be written here. In any case, even if charges and bond
orders cannot be attached to any specific atomic centre, they can still be com-
puted just for constructing the transformed functions.

6.4. Unitary transformation leaving the basis functions attached to their centres

Still there is a possibility which transforming the basis set coefficients leaves
invariant the association of the basis set functions to the molecular centres. A
unitary matrix can be obtained when some one electron operator choice has
been adopted.

6.4.1. General procedure involving any one-electron operator
The net result when diagonalizing the matrix representation of some
Hermitian operator R under some subset of the MO basis set:

Zr = {zrij = (iIR|j)}.

Is such that in any case, the matrix Zz will furnish a unitary transforma-
tion U, attached to its eigenvectors, that is:

ZRU =UA - A = Diag (n) AUTU=UU" =1

This unitary matrix will act over the MO basis set, transforming them in
the way shown below:

|RIp) =D up k),

k
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and in order to see how the MO coordinates with respect to some atomic orbital
basis set are transformed, suppose known a monoelectronic basis set, then MO
can be expressed by the linear combinations of the MO coordinate matrix ele-
ments and thus it can be written:

IR p) =D up k) = Zukch,Lkm =" (curttap) 1)
no ok

k

So, this is the same as to transform the MO coordinates, while preserving
the attachment of the basis set functions to some centres, as the new transformed
coordinates C; = {cr.,p} can be defined as:

CLiup = Z (cﬂkukp) — C, =CU.
k

6.4.2. The density function in the new MO basis set
If the first order density function is written in terms of the MO as in equa-
tion (10):

p)="> w,lp)(p
p

where the set of positive real numbers {a)p} represent the MO occupations, then
it will be obtained the following relationship between the original and the new
transformed MO:

prR() =D wp | RIp) (pIR|= prZZukpu;,Wl
p l
= ZZ(Z wpukpu;;l) k) (1.
ko1 p

Then, constructing the diagonal matrix:
A = Diag (a) p)
a new non-diagonal occupation number matrix can be defined as:
B = UAU" = {by},

and the new density function can be written:

pr () = D" b k) I
k1
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6.4.3. Monodeterminantal closed shell particular case
In monodeterminantal closed shells, when the transformed MO are the
occupied ones, the particular case: A = 2I is encountered, so:

B=2UU" =21

and thus:
PR () =2 "8 lk) (1 =2 k) (k| =p (1),
k1 k

that is, the well-known result is found stating that the old and the unitary
transformed density functions are the same.

7.  Classical Mulliken charges and bond orders as a zero-th order approach to
molecular populations

7.1. Taylor series expansion of WMM charges

The discussion put forward in the previous sections proves sufficiently that
CMM can be easily associated to a WMM, where the corresponding operator is
the identity one. In this sense one can write:

Q4= 0alll.

This formal possibility immediately suggests that, whenever a Taylor series

in terms of another operator, E say, can be defined attached to the operator ®,
like:

o
O= LEE =I+EE+36E°+00) (40)
p=0

then, it can also be written, just using the Taylor series (40) into the definitions
(27) up to (29), the following Taylor series attached to atomic charges:

04[B] = 04+ & 0A[E]+ 3604 [EZ] + 0 (3),

proving that the constructed charges or Mulliken’s atomic populations, com-
puted using CMM, could be considered as the zero-th order terms in this kind
of atomic charge definition, when admitting that a weighting operator in the
form of a Taylor series with the structure (40) can be described. A previous work
of Pipek [2d], associated to another contextual development of population dis-
tributions, but containing a series expansion of population operators shall be
quoted.
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7.2.  Parameterized Taylor series

One can also, without loss of generality, consider the operator series in
equation (40), associated to a parameter #; then it can be written, for example:

o
Q@) = Zﬁg,,zpap =1 +&1E + 361°E2 4+ 0 (3); (41)
p=0

hence, in this way, the weighted Mulliken charges will depend on such a param-
eter and one can write:

04[O0 (O] = Qa +E11QA[E]l+ 161204 [E?] + 0 (3), (42)

and it is straightforward to see that:
tll_I)l% 04[® ®)] = Qa.

It can be said that this results on CMM constructed charges and, obviously,
bond orders too, are limiting cases of a much general computational perspective,
within a quantum mechanically equally correct definition.

8.  WMM constructed charges and quantum similarity measures

Among the collection of Taylor series which can be used for implement-
ing equations (40) or (41), when seeking for a charge expression like (42), for
construction of the operator intervening into the weighted Mulliken charge defi-
nition, there appear to be two immediate logical choices, among many other pos-
sible ones.

A well defined choice, though, for the Taylor series (41) can be adopted
in the form of an exponential function, which always constitutes the basic pro-
cedure, yielding a positive definite operator formalism as a result, whichever
ground operator is chosen and, as such, has been widely used in quantum
mechanics [24]. The second direct choice concerns the attached operator, acting
as the exponential variable. It appears that these operators can indeed be selected
in a quite arbitrary way, even without the restriction to be positive-definite or
Hermitian. However, it seems a plausible idea that the density function itself
constitutes some kind of natural option for the operator in the variable part. The
use of density as operator and its matrix representation in LCAO framework has
been recently discussed [21].

The first order density function, using the matrix elements of the CBO
matrix as defined in equation (4) can be written as in equation (10):

p)=>">" Dyuyxu ®) %) ). (43)
" v
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In that case, one can also construct the following parameterized exponential
operator:

0
© (1) =exp(1p) = Y 5t"p". (44)
p=0

Thus, the WMM atomic charge definition will finally become:
Qalpi1]= Qa+1Qalpl+ 31704 [P*] +0 (). (45)

Of course, the zero-th order term in equation (45) is coincident with the
CMM atomic charge.

8.1. First order corrections and self-similarity measures

Now, the first order correction, in terms of the parameter ¢, will have the
form:

Qalpl =D Maalpl= D D DapZpalr] (46)

aeA aceA B

and the set of terms {Z,ga [p]}intervening into the WMM definition (24) are
nothing else than the half-contracted similarity measures [22]:

ZpalP) =D D Dy /D Xu (0) X5 () xp (1) Xg (1) dr
nwov
= > Dy (uvpa) = /D p (0)xp () x5 (1) dr. (47)
nov

Moreover, equation (47) can be considered as well as the definition of the
elements of a density function matrix representation, with respect to the chosen
atomic basis set. The set of integrals {(uvBa)} are quadruple centre overlap inte-
grals, which summed up produce a resultant expectation value as follows:

Z Z DugZga (0] = Z Z Dyp Z z Dy (nvBa)
a B o B Mmoo

=(plp) = /D lp ()2dr = <pz>,

a result which, in turn, is nothing else than the so-called self-similarity measure
[22] of a quantum system, described by the chosen density function Euclidean
norm.
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The density function (43) can be also defined in terms of the partition over
every particular atom in a given molecular system, that is:

pr) =D par) = Qulo]= Z D Dapxa @@ |, (48)
A A

acA B

and, thus, the atomic charge expression (46) may be also written as follows:

0alp) =D D DupZpulp] = DD Dup Z Z Dy (vper)

acA B acA B

—(plpa) = /D p () pa () dr. (49)

This result indicates that the first order charge contribution becomes an
overlap-like similarity measure [22] between the whole density function and the
partial density fragment of an atom of the system, as defined in equation (48).
Equation (49) may become a quite interesting LCAO feature when, instead of a
unique atomic charge, one wants to consider molecular fragment charge defini-
tions, made among molecular subsets containing several atoms. That is, consid-
ering some molecular fragment, formally described as: F = {Al, Ao, ..., Ay, F},
formed by nr atoms, then the fragment charge is defined as:

Qr[p] = Z > D DapZpalpl Z DD Dug ZZDw (wvpa)

I=1acA; B I=1acA; B

=Z(p\pA,)=/ p (r) pr (1) dr.
=1 D

8.2. Second and higher order corrections

A parallel development to the first order correction can be followed for the
second order terms in the parameter ¢, and the procedure becomes easily exten-
sible to the higher order expression of the charge contributions.

The second order atomic charge contribution can be defined, for instance,
as:

A [,02] = Z My [;02] = z Z DopZ gy [,02]

acA acA B
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and now only it is need to construct the elements of the second order matrix Z.
There are quite similar to the first order ones:

Zpa || =22 D D Do /D X (0 X3 () 6 (0) 5 (1) x5 (1) x5 () de
n v L O
=" > D DD Dio (nvropa) = /D o (0 xp (1) xo (1) dr; (50)
n v o

A

where the associated expectation value defined as:

> > DepZpe [P = 20D Dep 2D Duv D, > Do (uviopa)
@ B o B moov P
= (pzlp) =/D Ip(r)l3dr=<p3>,

produces a triple density self-similarity measure [25].
The second order atomic charge contribution can be easily written as:

al0?] =203 DasZpa [ 0] =20 D Z Z Dy Z Z Di (uv20fa)

acA B acA B
= (0 Ioa) =/ o OF pa (B dr.
D

From this previous experience, it is obvious that the pth order term to the
atomic charge contribution can be written by means of a similarity measure like:

0a[p"]=D_D DupZpu[p"] = (07 l0A) =/ lp (D17 pa (r) dr.
aceA B D
And the expectation value for the operator (44), could be easily written in

terms of p-th order self-similarity measures:

(© (1) = (exp (1p)) = / p () exp (1p (1)) e

—Zp,tp/p(r)|p(r)|pdr—z vtp< p)'

p=0

9. Approximate implementation of the exponential quantum similarity
corrections to Mulliken charges and bond orders

Computation of higher order similarity measures and the necessary inte-
grals may become a cumbersome task. To overcome such a problem the Taylor
series (45) can be cut at the first order, provided that the parameter ¢ is chosen
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conveniently small as to make upper terms irrelevant. Another possibility can
be envisaged throughout the approximation of the high order similarity measure
integrals in terms of the first order elements.

9.1.  Approximation of higher order similarity matrices

In order to develop such an idea, the second order integrals can be expressed
by means of the first order ones, in such a way that:

Zog [pz} ~ Z0 01 =D Zan [01Z3p [0].
A

this amounts the same as to express the integrals (50) as:

Zga [,02] =D "D D DD Dy (pvynpa)
nov y n
’Q’/Z ZZDMV (MVO‘)")ZZD}”? (ynrp) |,
A noov yon

and, in turn, this is the same as to simply express the representation matrices as
successive powers of the first order one:

z]p*]|~ @lo)?.

It is straightforward afterwards to assume for any order that the following
approximation holds:

Z[pP] = (Z[p)". (51)

9.2.  An approximate exponential operator matrix representation in WMM

Due to the approximate expression (51), then there appears the possibility
to construct the matrix representation of the exponential operator in equation
(44) with the form:

Z[0;t]~S+ (exp(tZ[p) = D). (52)

With respect to this expression as written in equation (52) above, it is inter-
esting to note that the matrix Z[®; ¢] is formed employing the matrix representa-
tion of the density function instead of the density function itself, as in expression
(44) and the sequel. In this sense the approximation in equation (52) is coherent
with the structure of the theoretical development as described so far, whenever
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one accepts the easy approach to use a discrete matrix representation of a con-
tinuous operator instead of the operator itself.
In this context, the weighted atomic charges can be now written as:

Qa10: 1]~ Qa+ D [Dexp (tZ[p]) — My (53)

aEA

9.3.  Matrix representation of the exponential function
The exponential matrix appearing in equations (52) and (53) can be easily
expressed in terms of its eigenvalues and eigenvectors [12]. Indeed, if the secular
equation of the first order matrix Z[p] is written by means of the matrix equa-
tion:
Z[p]U =UA,
where {U; A} are the unitary matrix of the column eigenvectors:

U=(u;uw;...u,)) AUTU=UU =1

and the diagonal matrix containing the corresponding eigenvalues respectively:
A = Diag(Ay; Ao ... Ap),
then, it can be easily written:

[exp ¢ Z[p]) — 1] = Ulexp (tA) — ] U™ (54)
as U is an unitary matrix and the exponential matrix exp (tA) on the right side
of equation (54) has just a diagonal structure, which can be written as a whole,
like:

exp (tA) — I = Diag(exp (tA1) — L;exp (tAy) — 1;...exp (tA,) — 1).

This results permit to set up an easy computational implementation of the
theoretical definition of atomic charges originating from a WMM.

10.  Using off-diagonal density matrix elements into the exponential operator
10.1.  Density matrix

So far the density function has been used in order to develop the theoretical
set up, for the construction of WMM within a Taylor series expansion. There are
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alternative possibilities. In fact, the first order density function in equation (43)
can be written in terms of the so-called density matrix [26], or:

pE) = D" Dy (1) x5 (1), (55)

[TV

and used subsequently into the exponential operator definition (44) instead of
the diagonal elements, which constitute the first order density function, as one
can formally write:

p)=p@p;r) =p@srn) =p(@r).

In this off-diagonal case, which will be discussed now, the definition of
charges and bond orders in WMM will be formed by different matrix products
structures than these obtained formerly using the diagonal terms of the density
matrix.

10.2. WMM atomic charges

For the atomic charges definition, instead of the first order correction as in
equation (47), it will be obtained now:

Zgalp] = ZZDM”/DXM ) xp (rl)drl/DXa (r2) x, (r2) dra
[T
=>"> Dy SupSav = [SDSl, .
nov

thus, the WMM M [p] it is easily defined in terms of the CMM as:

M |[p] = DSDS = (DS)> = M. (56)

10.3. pth order corrections

Furthermore, as it can be seen that the following property will be associated
to the p-th order correction to the WMM.:

M [p?] = (DS)”™! = DS,

the general expression for the p-th correction for atomic WMM charges in this
context could be simply written as:

Vp>0:Q04[p"]= ZM‘W [0?] = Z[DS]W = Q04

aEA a€A
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the atomic charges, within this WMM choice, can now be basically expressed by
means of:

Alp;t] =exp (1) Qa,

suggesting that the WMM charges and bond orders, in this case, will coincide
with the CMM ones, except for an arbitrary constant depending of the param-
eter 7.

As a consequence of this result, it appears that for WMM attached charge
definition, the density function seems relevant, but the off-diagonal elements of
the density matrix do not introduce any new information whatsoever to the
parameters deduced via CMM.

11.  Using the shape function as an atomic charge and bond order generator

The shape function [15] o (r) can be simply defined as a homothetic trans-
formation of the density function [16] as:

oM =N"1p@ < pE=No®); (57)

hence, it will be worthwhile to study the role of such a function into the opera-
tor series (44) and charge definitions (45). For instance, the operator (44) can be
written alternatively in terms of the shape function:

® (1) =exp (tNo) = > 5 (tN)P 0P
p=0

so, defining a new parameter as:
T=1N,
the charge form (45) will be now expressed as:
Qulo; ] = Qa+10alol+372Qa[0?] +0(3). (58)

On the other hand, in expression (27) the charge and bond order matrix can
be also referred to the shape function with the appropriate homothetic redefini-
tions. The charge and bond order matrix (4) can be redefined accordingly as:

d_Za,c, d,w}/\\?’z o =N~ a),
the two charge and bond order matrices are related in the same way as the den-
sity function and the shape function in equation (57) are:

d=N"'D < D=Nd,
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so, with these definitions in mind it can be finally written:
o) =D dunxu ® x; ).
[T

Therefore, the involved charges using the shape function can be written, for
example in the CMM derived expression:

Oa = szdaﬁSaﬂ,
« B

suggesting that a set of atomic shape function charges can be described as:
qa=N"'04 < Q4 = Nqa,

with the general property, already discussed when the normalized WMM was

introduced:
ZQA =1.
A

As a result, when employing the shape function, the set {g4} constitutes a
discrete probability distribution, as it is a fact that: VA : g4 > 0. Moreover, col-
lecting the atomic charges into a vector, as already discussed:

q=(q1:92 --.qa---:qn),

then, as such a vector belongs to a vector semispace and being convex [18,19],
can be considered without doubt as a unit shell member of such a mathematical
structure. Defining a similar vector: Q = {Qa}, containing the atomic charges,
then the following homothetic relationship holds:

q=N"'Q < Q=Ngq. (59)

The same ideas can be made extensible to the atomic charges of any order
via a WMM. Owing to the relationships (59), equation (58) can be easily rewrit-
ten as:

C1 1.2 2 :
galo;tl=qa+tqalol+ 5t%qa [0?] + 0 (3);

accordingly, the same results can be obtained, as commented before in the den-
sity function case, this time involving any correction order. For example, the first
order correction may be written:

galol =D D dupZpalol =D D dap DD duv (nvfa)

acA B acA B 1%

— (o lo) = /D o () oa (1) dr. (60)
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In equation (60) the function o4 (r) is a generic atomic contribution to the
shape function, defined as the density function counterpart in equation (48):

oA (®) =D > dupxa (1) X} (1),

aeA B

in this way:
o)=Y ox.
A

12. Conclusions

A broad survey of the Mulliken original ideas on atomic charges and bond
orders has been put forward. It has been shown how the density condensation
into atomic, diatomic and polyatomic indices can be extended to any expecta-
tion value of a weighting positive definite operator. The same can be said about
non-singular Hermitian operators by extension. A general theoretical formalism
can be employed in this manner, not only to obtain a partitioning of the expec-
tation values of a weight operator, but to set up a well founded set of discrete
molecular parameters, which can be used as descriptors. Whenever the weight
operator is positive definite, the atomic condensed density vectors can be associ-
ated to a vector semispace element, and therefore, upon a Minkowski normali-
zation procedure, they can be transformed into elements of the unit shell of the
corresponding semispace; therefore homogenizing all the possible molecular rep-
resentations obtained in this way. The normalized condensed density vectors can
be used to represent the molecular structure by a set of discrete arrays. Finally,
the structure of the weighted condensed density elements allows describing the
classical Mulliken atomic charges as a zero-th order approximation and in this
way a connection between quantum similarity measures and condensed atomic
density distributions can be easily performed.

Appendix A: Classical projection operators

Any projection operator over a basis set function in any MO framework
can be naturally defined. In order to define unambiguously such an operator set,
suppose that any basis function |«) is chosen and the corresponding projector
constructed:

-1
Mo = > 85" la) (Al (A.1)
A
where S~ = Si;l) = So(l;l)} are the elements of the symmetric inverse basis set

metric or overlap matrix. The above-defined projector permits to write:

Mg [la)] = ler) . (A.2)
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The projector I1, can be used on the first order electron density such that:

Mo [p] =D Po o) (v (A3)

and so the projectors possess the necessary property that:

> Malol = p. (A4)

The projectors can also be extended to higher order by means of a tensor prod-
uct, for example like:

My = M, ® M, (A.5)

This allows the definition of multicenter electron occupation numbers when
using higher order electron densities. Defining the action of the operator HO%)
over the first order density function as:

g e ZZP,WH [lu) (ol T (A.6)

“w

one finds that the action of the projector (A.5) over the first order density func-
tion is easily described in terms of the corresponding overlap integrals between
basis functions, producing:

M) [p] = Pop o) (B] (A7)

Equation (A.7) shows how the projector (A.5) retrieves the |a) (8] compo-
nent of the first order density function; the coefficient at the left can be inter-
preted as the corresponding Mulliken charge and bond order matrix element.

Again, the necessary condition for the projector or a tensor product of such
projectors is fulfilled, that is:

Z Z M) [p] = ZZ Pag |2} (Bl = p. (A.8)
B

Appendix B: Permanents, circulants and spinless exchange density functions
B.1. Permanent definition and properties

Not many relevant properties are reported for mathematical constructs
called permanents or even for permanent structure and properties, being some-
how an idea coming from the determinant form, although it merits an entry in
encyclopedias of Mathematics [17] and the references therein can be undoubtedly
of some aid. Nested summation symbols [27] can be used, however, in discus-
sion and development of permanent properties. Permanents have already used in
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quantum chemistry [28] and are in the core of generalized Mulliken bond indi-
ces [4], thus having a certain chemical interest. The computational development
of permanent follows a simple function procedure when nested summation sym-
bols are translated into nested do loops constructs.

B.2. Permanent definition using nested summation symbols

The permanent of a square (N x N) matrix A = {a;;}, Per (A), can be
constructed as the determinant of A, with the alternative feature consisting into
that the signature of any index permutation is always taken as positive. Using a
nested summation symbol expression one can write compactly:

Per (A)=>_ ()F ()a ()
where the vector i contains a set of N indices, that is:
i=(i1,02,13,...,IN),

the nested summation symbol 3 (i) stands for a set of nested sums over this N
indices:

Z(D:,Z,Z”',Z

the filter function F (i) selects from all the possible index vectors, constructed
within the nested summation symbol, those corresponding to a permutation, that
is:

FG) =8(Vp,q:ip#iq),
where a logical Kronecker delta is used; and, finally, the symbol a (i) is the set

of products involving the elements of the associated matrix, expressed in the fol-
lowing way:

N
a () =ay,az, ...aniy = H api,-
p=I

In this definition above, the index permutations are carried out over the
column indices, but the procedure and the following discussions remain equally
valid and the same as when permuting the ones corresponding to rows.
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B.3.  Unity matrix permanent
Some particularly interesting results about permanents may be worth to be
presented. For instance, take the unity matrix, 1, the unit multiplicative element

for the inward matrix product, [13] composed by ones in all the matrix entries,
that is: 1 = {Vij; 1;; = 1}, then:

Per(1) = Z ()F (i) 131 = N!

as:

N
L) =[]tk =1,
k=1

and the nested summation symbol with the permutation filter F(i) has N! num-
ber of terms.
B4. Circulant

Also noteworthy is the circulant or Cir (A) of a given matrix, which is
defined here as a permanent, but with an additional filter, by means of which

only cyclic permutations of the involved indices defining the nested summation
symbol are chosen:

Cir (A)=> HF HCHa).

where the role of filter C (i) consists of just accepting the cyclic permutations
within the nested summation symbol, after all the possible the permutations
indices sets are previously chosen. Such new filter can be formally defined for all
the pair of indices {row, column} of a given cyclic permanent term index pairs as:

C) =681t} (i in}s .. ks ik} {in=1.1}).
When computing the cyclic permanent of the unity matrix it is obtained:
Cir (1) =D (HF () CH)1 () = (N = 1)L.

The unity matrix is used as a computational example for the permanent function
applications.
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B.5. Exchange density function

When constructing the nth order spinless reduced density function accord-
ing to Lowdin [26] as the nth order determinant of the first order density matrix,
it is easy to obtain a general expression for the nth order pure exchange part in
terms of the circulant of terms of the density matrix. If the sign and coefficient
of the pure exchange part is obviated, then it can be written:

n(m) = Cir(p)= > HF G)C @) pQ,

where by n = (1, 2, ...n) it is represented the electron indices involved in the n-th
order pure exchange part, the filters used have already been previously described
and p (i) is a product of the elements of the density matrix p:

p@=pinp@id)...p i =]]pkiv.
k=1

In this way, for instance, the third order pure exchange part of the corre-
sponding reduced density function can be written as:

n(1,2,3)=p(1,2)p2,3)pB. D+p(1,3)p(3,2)p 2, 1).
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